
Extensional Flow of a Two-Phase Fiber 

A steady, isothermal flow of a two-phase fiber spinning has been 
studied. To investigate the spinline velocity profile affected by the inter- 
action between two fluids with different rheological properties, a New- 
tonian and an upper-convected Maxwell fluid were considered to be the 
core and skin layers, respectively. Unlike the one-dimensional analysis, 
which has been the typical approach for spinning flows, radial depen- 
dency of the flow field was maintained in our analysis. Consequently, a 
set of partial differential equations were derived for the flow field in the 
draw-down region where lubrication scalings are applicable. Asymp- 
totic solutions were then obtained for two limiting cases, where the 
Deborah number of the skin layer is small and the applied axial tension 
is large. When the Deborah number of the skin layer is small, a velocity 
correction to  the Newtonian profile indicates a strong effect of the flow 
rate ratio as well as the shear viscosity ratio of the two fluids. For the 
case of a large applied tension, which is more relevant to industrial 
practice, very interesting flow behaviors are predicted. In this limit, the 
viscoelasticity effect of the skin layer is shown to be dominant and dic- 
tates the mechanics of the flow even when both its flow rate and shear 
viscosity may be much smaller than those of the Newtonian core layer. 
The result also predicts that hoop stress has a negligible effect on the 
axial velocity profile. 
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Introduction 

Extensional Row of polymer melts is an essential part of poly- 
mer processing as it commonly occurs in many fabrication pro- 
cesses such as fiber spinning, blown film extrusion, slot cast, 
extrusion coating, and blow molding. Besides the fact that sta- 
bility of such extensional Rows is of great importance, strain his- 
tory of the polymer melts has strong influence on the physical 
properties of the final products (Dees and Spruiell, 1974; Bell 
and Edie, 1987). Thus,’proper understanding of the mechanics 
of the Row is very important in industrial practice. 

Among various extensional Rows, fiber spinning may have 
been the subject of most extensive studies probably due to its 
simple geometry. Although the deformation of the polymer melt 
in a fiber spinning process is inhomogeneous, variation of the 
fiber radius in the spinning direction is generally very slow. 
Thus, it may be assumed that the Row is locally a uniform, uni- 
axial extension. Under this assumption, Matovich and Pearson 
( 1  969) studied isothermal Rows of a Newtonian fluid, a power- 
law fluid, and a second-order fluid. In the case of a Newtonian 
fluid, if only viscous force is important, their result shows that 
the axial velocity profile is exponential. Pearson and Matovich 

( 1  969), in  their investigation of the stability of the exponential 
profile to infinitesimal distrubances, predicted that the system 
becomes unstable if  the draw ratio, which is the ratio of take-up 
velocity to initial velocity, is greater than about 20. The instabil- 
ity is often referred to as “draw resonance,” in which the radius 
of the fiber oscillates periodically. Yeow (1974) applied the 
same approach to a Row of a sheet to model a slot cast process, 
which is a two-dimensional counterpart of the axisymmetric 
fiber spinning, and derived the same critical draw ratio of about 
20. 

Denn et al. (1975) studied spinning of a viscoelastic liquid 
using a generalized upper-convected Maxwell model. Their 
analysis predicted a linear velocity profile and high stress levels 
in spinning that match qualitatively with the features of poly- 
meric fluids observed in many experiments. Fisher and Denn 
( 1  976) extended the study by including the deformation rate 
dependency of polymeric materials (W hite-Metzner model) and 
performed a linear stability analysis that predicted an upper sta- 
ble region at  a very high draw ratio. Their analyses served as a 
basis for many studies that followed using various viscoelastic 
constitutive equations such as corotational Maxwell model, 01- 
droyd-B fluid model, and Doi-Edwards model (Petrie, 1979; 
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Phan-Thien and Caswell, 1986; Larson, 1983). A very thorough 
survey of numerous studies on the subject of fiber spinning and 
its stability can be found in Petrie and Denn (1976), and more 
recent review articles have been provided by Denn (1980, 1983) 
and Mewis and Petrie (1987). 

While there exist a significant amount of work on the “single- 
phase” spinning flow. the corresponding “multiphase” flow has 
not been treated. A multiphase extensional flow refers to a flow 
situation in a coextrusion process, and a schematic of a two- 
phase coextrusion fiber spinning is given in Figure 1. Although 
coextrusion is known for many years and quite prevalent in plas- 
tics industry, there exist relatively few fundamental studies 
about the subject (Han, 1975; Waters and Keeley, 1987; Nord- 
berg and Winter, 1988). Furthermore, most of the existing stud- 
ies focused on shear flow behaviors, and the extensional flow has 
not been considered a t  all despite its importance in industrial 
practice. Thus, we study the extensional flow of a two-phase 
fiber in this paper. Freeman et al. (1986) studied the drawing of 
hollow tubes from molten polymers and showed the effect of 
internal pressure on the ratio of inner to outer radii of the hollow 
tube. While hollow tubes may have resemblance to two-phase 
fibers, drawing of hollow tubes appears to be physically dif- 
ferent from the spinning of two-phase fibers as will be dis- 
cussed. 

Based on many studies of single-phase fiber spinning, we may 
anticipate that the mechanics of a multiphase flow will be dif- 
ferent from those of the single-phase flows of each component. 
The difference may be more pronounced if the rheological prop- 
erties of the components are quite different from one another. 
For example, fundamental differences in the flow behaviors of 
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Figure 1. Coextrusion fiber spinning. 
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branched polyethylene and linear polyethylene are well known 
through many experimental studies (Cogswell, 1969; Chang 
and Lodge, 1972; Spearot and Metzner, 1972; Minoshima and 
White, 1986). Branched materials, unlike linear ones, often 
show extension hardening behavior in which extensional viscos- 
ity increases with deformation and deformation rate. They 
usually have a larger relaxation time than the linear materials 
and tend to have better spinning stability in terms of draw reso- 
nance probably due to the stabilizing effect of the viscoelastic- 
ity. But their spinnability is sometimes limited by breakage, as 
the stress in the melt may exceed the cohesive strength of the 
materials. If those two materials are coextruded, the mechanics 
of the two-phase flow may be affected strongly by the interac- 
tion between the rheological properties of the two fluids. 

As the difference in relaxation times between the two materi- 
als may have the strongest effect on the mechanics of the flow in 
an extensional flow situation, we take a simple model for a two- 
phase flow, in which a Newtonian fluid and an upper-convected 
Maxwell fluid are the core layer and the skin layer, respectively. 
The major objective of our study is to investigate how the 
mechanics of the two-phase flow is affected by the rheological 
properties of each component. Since our analysis encompasses 
the single-phase flows of a Newtonian and an upper-convected 
Maxwell fluid as two special cases, the results can be compared 
with those of Matovich and Pearson (1969) and Denn et al. 
( 1  975). 

Current study, like many others, focuses on the draw-down 
region where the fluids are stretched forming a thin fiber. We 
also assume that the variation of the fiber radius is very slow in 
the axial direction. Thus, an asymptotic expansion is applied in a 
small parameter c, which is defined as the ratio of the radial 
characteristic length scale to the axial one. In the analyses of 
both Matovich and Pearson ( 1  969) and Denn et al. (1975), a 
priori assumptions were made that the axial velocity, pressure, 
and stress fields are independent of the radial coordinate. Con- 
sequently, their analyses were one-dimensional a t  the outset. In 
our study, however, such assumptions are not made, and a stan- 
dard formal expansion procedure is carried out while retaining 
the radial dependency of all variables. 

The same expansion procedure was applied previously to the 
spinning of Newtonian fluids as well as Maxwell fluids by 
Schultz and Davis (1982) and Schultz (1987), respectively. 
Schultz and Davis recovered the results of Matovich and Pear- 
son (1969) as a leading order solution and proceeded to obtain 
higher-order correction terms. In the work on slender viscoelas- 
tic fiber flow, Schultz (1987) studied a flow with a weak visco- 
elasticity efect  and concluded that there is a serious limitation 
to the one-dimensional theory of Denn et al. ( 1  975). Since the 
approach of Schultz is very similar to ours, his work can be 
closely compared with our development. As will be discussed, 
however, his contention regarding the limitation of the one- 
dimensional theory appears to be incorrect. 

The results of our analysis show that the axial velocity and 
pressure field of the Newtonian core layer are independent of 
the radial coordinate a t  the leading order in c. For the viscoelas- 
tic skin layer, however, there is no clear indication that pressure 
and stress fields are radially independent, although the axial 
velocity is. Consequently, unlike the one-dimensional analysis, a 
set of partial differential equations is derived for the stress field 
of the skin layer coupled with the radially uniform axial velocity. 
Since the equations that allow the radial dependency of the 
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stress field have not been discussed previously, the derivation is 
briefly described here. 

For the analysis of the partial differential equations, two lim- 
iting cases are considered, in which the viscoelasticity effect of 
the skin-layer is very small (the case of a small Deborah num- 
ber) and very large (the case of a large applied axial tension), 
respectively. When the Deborah number of the skin layer is 
small, the lowest-order problem is identical to the flow of two 
Newtonian fluids, and the leading order velocity profile is expo- 
nential regardless of the shear viscosity ratio or the flow rate 
ratio of the two fluids. Higher-order corrections are, however, 
strongly affected by the shear viscosity and the flow rate ratios. 
The case of a large applied axial tension is more relevant to 
industrial practice and draws some results with important prac- 
tical implications. In this limit, the viscoelasticity effect of the 
skin-layer becomes dominant and dictates the mechanics of the 
flow even when the flow rate and the shear viscosity of the skin 
layer are much smaller than those of the Newtonian core layer. 
It is also shown that hoop stress has no effect on the velocity pro- 
file in this limit, while it affects the radial dependency of the 
pressure field. It is interesting to note that the insensitivity of the 

At = R ( z )  

us - R,wS = 0 
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velocity profile to the hoop stress was also predicted for drawing 
of hollow tubes by Freeman et al. (1986). 

Problem Formulation 
Figure 1 shows a schematic of the two-phase extensional flow. 

The core layer and skin layer are a Newtonian and an upper- 
convected Maxwell fluid, respectively. The flow is assumed to be 
isothermal and axisymmetric. To make an analytic progress, our 
analysis will be limited to the draw-down region where the vari- 
ation of the fiber radius is assumed to be very slow in the axial 
direction ( d R / d z  <c I ) .  Thus, as indicated in Figure I ,  the origin 
of the coordinate system is located somewhat below the die swell 
region where the variation of the fiber radius is not slow. This 
assumption has been the basis of most of the studies on fiber 
spinning and has been supported by several numerical investiga- 
tions (Fisher et al., 1980; Keunings et al., 1983). For simplicity, 
we will further assume that only viscous and viscoelastic forces 
are important; and gravity, inertia, surface and interfacial ten- 
sions are neglected. 

Under these assumptions, the dimensionless governing equa- 
tions and boundary conditions are written as follows: 

GM{2c2h,(u; - wf) + ( 1  - 2 h ; )  (6%: + w;)}  

= t2h,(T: ,  - 7 iz )  + t(1 - t2hf)T:, (4C) 

{u: - h&f + w:) + t*hfw:} 
2GM 

( 1  + t2R:) 

1 
( 1  + cZRS) = (p' - pS) + ( T : ~  - 2ch,r:, + t 2 h ~ 7 : , )  (4d) 

A t r = O  

uc, wc, and p' are bounded. (5) 

where the superscripts c and s denote the variables for core layer 
and skin layer, respectively. u and w are the radial and axial 
velocity components, and p the isotropic pressure. R ( z )  and h ( z )  
indicate the locations of the surface and interface, respectively. 
Subscripts for T represent rr-, BB-, rz-, or 2.7-component of the 
skin-layer stress tensor, and the subscripts for other variables 
denote partial differentiation. 

The scalings for the nondimensionalization were as follows: 

1 
r 

u: + - I' t- Wf = 0 

1 
r 

u: + - us + w: = 0 

F 
p . 7 - C -  TR:  

where R, and L are the radius of the fiber a t  z = 0 and the draw 
span, respectively. F represents the axial force applied a t  z = L 
which controls the final radius of the fiber. wyg is the average 
initial velocity defined as the total flow rate divided by the cross- 
sectional area at  z = 0, r(R,) ' .  Under these scalings, both radial 
and axial velocity components are preserved in the continuity 
equation, and the pressure gradient, viscous and viscoelastic 
forces are balanced in the radial components of the momentum 
equations. These scalings result in the following dimensionless 

( Ic )  

(2a) 
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parameters: 

Deborah number De = X C 8 / L  

Shear viscosity ratio M = p'/$ 

Dimensionless inverse axial tension G = fisQT/FL 

Scaling parameter t = R , / L  

Fraction of skin-layer flow rate f = Q S I Q T  

where X is the characteristic time of the upper-convected Max- 
well fluid. f i r  and f i l s  are the shear viscosities of each layer. Qs and 
QT are the volumetric flow rate of the skin layer and the total 
flow rate, respectively. 

For the skin layer, the constitutive equation of the upper-con- 
vected Maxwell fluid gives the following relations for each com- 
ponent of the stress tensor: 

a 
T; + ws - 7; - 2 az 

For a complete description of the system, end conditions at  
i = 0 and z = 1 need to be specified. Since the choice of the 
origin of the draw-down region is rather arbitrary, the proper 
conditions are not evident. Nevertheless, we will assume that the 
axial velocity profiles a t  both ends are known as 

wc = w:(r), ws = wI,(r) at  z = 0 (7a) 

wc = w;(r),  w5 = w i ( r )  at z = I (7b) 

It should be noted that wL is achieved by the applied axial ten- 
sion F a t  z = 1. For the viscoelastic skin layer, it is also necessary 
to specify the stress state a t  z = 0 which accounts for the strain 
history of the fluid to that point. Thus, the stress tensor a t  z = 0 
is assumed to be known as 

7' = T:(r) at z = 0 (7c) 

As no assumption was made about the uniformity of the axial 
velocity and the stress field across the cross-section of the fiber, 
radial dependency of the variables was also retained in the end 
conditions. These boundary conditions are the typical ones that 

have been commonly used for single-phase fiber spinning prob- 
lems. 

Equations l a  through 7c  fully describe the two-phase flow in 
the draw-down region. Even with the simplifying assumptions 
we made, the equations may not be solved analytically. As is 
assumed to be very small, however, we will be able to obtain an 
asymptotic solution through the expansions in the small parame- 
ter t. 

Asymptotic Analysis 
According to the standard procedure of asymptotic expan- 

sions, all dependent variables, u, w, p, T ~ ,  R ( i ) ,  and h ( i )  are 
expanded in integral powers o f t  as 

The expansions are substituted into the equations and boundary 
conditions (Eqs. 1-7). Terms with like powers o f t  are, then, col- 
lected to formulate the problems at each order of c. Thus. the 
leading order problem O(to) is obtained as follows 

C O  
Pr = 

1 1 
MG 24:: + - ufO - - d )  i r  2 

1 
r 

0 = w:: + - wfO 

1 
r 

u;o + - u50 + WfO = 0 

i a  
O = - - ( r 7 3  

r dr 
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where superscript 0 indicates the order of c. As mentioned previ- 
ously, the subscripts for T represent each component of the stress 
tensor, and the subscripts r a n d  z for other variables denote par- 
tial differentiation. In writing Eq. 9c, it has been assumed that 
MG = o(e I ) .  Since the inverse axial tension G is typically of 
order unity or smaller, M is allowed to have any value which is 
smaller than a very large number o(t-*). Therefore, the restric- 
tion imposed on the viscosity ratio M is very mild. 

The solution procedure for these equations is straightforward. 
Thus, the details are omitted, and only the results are given as 
follows: 

7 1  
pso = - ; (7:: - 72) dr 

where Wo(z) is an arbitrary function of z, which should be 
determined from higher-order expansions. These results indi- 
cate that the axial velocity for both fluids as well as the pressure 
field of the Newtonian core layer are radially uniform. How- 
ever, pf0 may not be uniform, as it is determined by the rr- and 
00-components of the stress tensor which are not necessarily 
independent of the radial coordinate nor the same. 

Through complicated calculations up to O(c2), a differential 
equation for Wo(z) can be derived as 

2(W0)2[0r[z aT  - z ] d r  aE + (1 -f) Wo-E(ho,z) a 
a Z  

t @{T(Ro,z)  - ( 1  - f )T(ho,z)} 

= 3 G M (  1 - f) {( Wp)' - ( l8a)  

where T and E are defined as 

. 1  
T(r ,z)  = 7: -- 7:. E(r,z) = lo ; (T: - T $ )  dr (18b,c) 

and the constitutive equation (Eq. 6) gives the zz-, rr-, and 00- 
components of the stress tensor as 

1 a + .el - - W:r-(Tt)  + 
2 a r  

where the subscript i j  is rr or 88. As pointed out, T@ and T,? are 
not necessarilq the same, although they satisfy the same differ- 
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ential equation. The difference between them, which accounts 
for the hoop stress, should depend on the initial stress condition 
(Eq. 7c), and its influence on axial force balance appears in Eq. 
18a. 

Axial force cP(z) can be expressed as 

Ro 
cP(z) = / 27rr(72 - pJo) dr + Jh0 27rr(~f: - p r o )  dr ( l9a)  

ho 0 

Using Eqs. 16a and 16b, it can be shown that Eq. 18a is equiva- 
lent to 

dcP - = o  
dz 

indicating that the total axial force is constant along the spin- 
line. 

These equations (Eqs. 18a-18e) completely define the lead- 
ing order axial velocity Wo(z )  and may be solved numerically 
with the end conditions (Eqs. 7a, 7b and 7c). Since the axial 
velocity is independent of the radial coordinate, the end condi- 
tions (Eqs. 7a and 7b) may be modified as 

where Dr is a dimensionless parameter, "draw ratio," which is 
defined as the ratio of the average velocity a t  z = 1 to that a t  z = 

0. Once Wo(z) is determined by Eqs. 18 and 20, all other vari- 
ables are determined from Eqs. 15 through 17. 

Up to U(c), the rate of deformation tensor and the voticity 
tensor are shown to be diagonal and zero, respectively. Thus, the 
stress tensor may be diagonal (Petrie, 1979). As the axial veloc- 
ity is independent of the radial coordinate, the diagonal compo- 
nents of the rate of deformation tensor are also independent of r. 
However, there is no indication that the stress tensor of the skin 
layer should be radially-independent. It is evident that stress 
tensor depends on r in the die-swell region near the die exit. It 
may be possible that the radial dependency can be preserved in 
the draw-down region, where the smallness o f t  holds, depending 
upon the rheological property and the strain history of the mate- 
rial. As no a priori assumptions were made to derive Eqs. 18a 
through 18e other than smallness of c and axisymmetry of the 
flow, they should be capable of describing such flow situations 
which are not necessarily one-dimensional. Direct numerical 
integration of Eqs. 1 through 5 will, of course, give a full descrip- 
tion of the flow. However, it will be much more complicated 
than the numerical integration of Eqs. 18a-l8e, since it involves 
the determination of the free boundary. In that sense, Eqs. 18a 
through 18e may be useful. 

Numerical integration of Eq. 18 can be easily performed for 
various values off, G, M and De, once the end conditions are 
specified. However, we will not discuss the numerical calcula- 
tions. Instead, we will only consider two limiting cases, where 
the Deborah number of the skin layer is small (De << I ) ,  and the 
applied axial tension is very large compared to the characteristic 
tension of the skin layer (G/De << I ) .  For those cases, our,analy- 
sis can be compared with the existing studies of single-phase 
flows (Matovich and Pearson, 1969; Denn et al., 1975; Schultz, 
1987). 
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The Case of Small De 
For the case of a small Deborah number, we will attempt a 

perturbation expansion in De which will make the asymptotic 
analysis a two-parameter expansion in c and De as 

rp = (rp" + Deep" + De2rpo2 + . . . . .) 
+ t(cp1° + Derp" + DeZcpI2 + . . . . .) + . . . . . 

where the first and second superscripts for cp indicate the order 
of c and De, respectively. For the current analysis we will focus 
on the first three terms of the expansion, Thus 

W o  = W" + Dew" + D e 2 W 0 2 . .  . . . 
andTO = T" + DeT" + De2T02 + . . . . . (21a,b) 

These expansions are substituted into Eqs. 18 and 20, and solu- 
tions for each order of De are  determined according to the stan- 
dard procedure of perturbation expansions. After a tedious cal- 
culation, we obtain 

W" = en' 

+ KDeZaz(I + (eZ" - l)z - eh2]en' + O(De3) (22a) 

where 

cy = In Dr. 

Despite the evidence (Eqs. 18b and 18c) that the expansion 
should be singular, a regular perturbation expansion was per- 
formed for the derivation of Eq. 22. Thus it does not satisfy the 
initial stress condition (Eq. 7c). However, a singular perturba- 
tion expansion will provide only an exponentially decaying cor- 
rection term restricted to a small inner region (or a boundary 
layer) near the origin, the order of magnitude of which is O(De)  
(Denn et al., 1975). As the location of the origin is rather ambig- 
uous at  the outset, and our interest is in the region sufficiently 
far from the die exit, the use of a regular perturbation expansion 
may be justified. The singular nature of the expansion also 
implies that the flow quickly becomes one-dimensional, as the 
radial dependency of the skin-layer stress field, manifested in 
the initial stress condition, is restricted to the small inner region. 
Thus, the a priori assumption of one-dimensional analyses that 
all variables are radially independent is justified for fluids with a 
small De. 

Using Eq. 22, the relationship between the draw ratio, Dr, 
and the dimensionless inverse axial tension G can be shown as 

If + ( 1  - 
1 

f ) M ] G  = - 
3 In Dr 

1 
3 

+ - K (  1 - Dr2)De2 + O(De3) (23) 

The factor, {f+ ( 1  - f ) M } ,  replaces fis in G ( = r s  &/FL)  
with a n  average viscosity, { f ~ ~  + ( 1  - f ) ~ , ] .  Thus,  
(f+ (1  - f ) M } G  represents the ratio of the average viscous 
force to the applied axial tension. 

It is interesting to note that the only difference between Eqs. 
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Figure 2. Relative effect of viscosity and flow rate ratios 

in the limit of small De. 

22a and 23 and the results for a single-phase flow of an upper- 
convected Maxwell fluid (Denn et al., 1975) is the factor K .  As 
its values for various M and f are given in Figure 2, K accounts 
for the relative effects of the viscosity and flow rate ratios. In 
this limit, the viscosity ratio does not affect the leading-order 
Newtonian velocity profile, whereas it affects the axial tension 
required for a given draw ratio. 

The O(De2)  term of Eq. 22a is always positive, as described in 
Figure 3. It provides an especially large correction where the 
slope of the leading order term is large. Thus, the viscoelasticity 
of the skin-layer tends to make the radical change of the expo- 
nential velocity profile of the Newtonian core layer more grad- 
ual. The viscoelasticity effect, however, is suppressed if the vis- 
cosity of the Newtonian core layer is large. The second term of 
Eq. 23 is negative, if  Dr > I .  Thus, the viscoelasticity of the skin 
layer has an effect to increase the axial tension that is required 
to obtain a given draw ratio. 

If M is zero, we may think that our system is equivalent to a 
hollow fiber. However, it should be pointed out that it is not the 
case. The analysis of drawn hollow tubes by Freeman et  al. 
(1986) shows that the internal pressure (p"), which is an addi- 

" 
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Figure 3. O(De*) velocity correction (W, = a2(1 + (e2" 

2 

- 1)z - eZa]jea, (Y = 2.996). 
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tional control parameter, governs the ratio of inner to outer 
radius of the hollow tubes. Suc:h important behavior, however, 
cannot be predicted from our result by simply setting M = 0. In 
our analysis, the core material is incompressible. Consequently, 
the Eqs. 17a and 17b are forced to hold even for the case of van- 
ishingly small M .  Thus, when M is set to zero, our system is 
reduced only to a special case of zero internal pressure, and the 
general cases of nonzero internal pressure cannot be predicted. 

The Case of a Large Axial Tension 
The flow situation with a large applied axial tension is more 

interesting as i t  is relevant to industrial practice, and the analy- 
sis predicts some important behaviors with practical implica- 
tions. 

From the definitions of G and De, the ratio of the two dimen- 
sionless parameters can be shown as 

Since w5/X is the elastic shear modulus of the skin layer, G/De 
represents the ratio of the characteristic stress of the material to 
the imposed stress to draw a fiber (Denn et al., 1975). 

If the applied stress is much larger than the characteristic 
stress (G/De << I ) ,  another two-parameter asymptotic expan- 
sion is possible (this time in G/De and t). The expansion in this 
case is not singular, and the initial stress condition (Eq. 7c) may 
strongly influence the overall flow. The stress condition at  z = 0, 
however, is not an experimentally measurable quantity and 
should be specified rather arbitrarily. In order to avoid time- 
consuming algebraic complication, we will discuss only a special 
case of a constant initial stress condition. It should be pointed 
out, however, that a more general treatment with nonuniform 
stress conditions also draws similar conclusions. 

In the limit of a large applied axial tension (G/De = 0), Eqs. 
18d and 1 Xe become homogeneous. By the method of separation 
of variables for the homogeneous equations, it is not difficult to 
show that the stress components should be independent of the 
radial coordinate to satisfy the constant initial stress condition. 
Although the extra stress tensor becomes radially uniform in 
this case, the skin-layer pressure field (Eq. 16d) is a logarithmic 
function in the radial coordinate since the rr- and 00-components 
of the extra stress tensor are not generally the same. Thus, the 
system is not truly a one-dimensional flow even for this special 
case of a constant initial stress. 

Using the fact given in Eq. 19, a simple manipulation of Eqs. 
18a through I8e result in the following equations for the leading 
order in GIDe:  

1 wo 2 
3 f D e W p  3f 

+ - wo 7:: = - - 

2 
T Z  =- 

~ D E ' ( M / ~ ) ~  - De(W:)2 - Wp + DeWoWpz = 0 (25) 

where c is the ratio of 7@ to 7,, a t  z = 0. If the zz-component of 
the initial stress condition is given as to, Eq. 24a gives 

1 

De(3t0f-  2) 
wp = a t z = O  

Thus, specifying the initial value of zz-stress component is 
equivalent to specifying the initial slope of the axial velocity pro- 
file. I f  f is 1 (i.e., single-phase Maxwell fluid spinning), the 
boundedness of the pressure at r = 0 requires c, the ratio T~ to T,, 

at  z = 0, to be one. Thus, the flow becomes fully one-dimen- 
sional, and the equations derived by Denn et al. (1975) are 
recovered. It is interesting to note that Eqs. 25 and 26, which 
describe the axial velocity profile, are not affected by c. It 
implies that the hoop stress has no effect on the velocity profile 
under the given condition, whereas it determines the radial 
dependency of the skin-layer pressure field. 

Using the initial conditions (Eq. 26) and Wo = 1 at  z = 0, and 
following a typical transformation for an autonomous differen- 
tial equation, an analytic solution for Eq. 25 is determined as 

2 W 0 + k  
- k f i  [ arctan (7) 

where 

This result is very similar to that of Denn et al. (1975) for a sin- 
gle-phase flow. The only difference is the appearance off (the 
flow rate fraction of the skin layer) in k. Despite its striking 
resemblance, the slight difference manifested in Eq. 28 still pro- 
vides very interesting features of the two-phase flow. 

If the initial slope of the velocity profile is negative (i.e., 
t o f <  213 from Eq. 26), Eq. 27 shows that Wo is always smaller 
than I .  Therefore, t o f  must be greater than 213 in order to 
achieve Dr > 1. In Figure 4 [which is the same as Figure 2 of 
Denn et al. (1975) with the exception that the parameter to  is 
replaced with to f 1, Eq. 27 is plotted for various values of f o f  
that are greater than 2/3. Like the single-phase Maxwell fluid, 
the velocity profiles are nearly linear and are relatively insensi- 
tive to the value of tofunless it is very large. Figure 4 also indi- 
cates that there exists a maximum attainable draw ratio a t  z = 1 
for a given Deborah number. Therefore, a skin-layer material, 
whose Deborah number is smaller than a certain value, should 
be chosen in order to achieve a given draw ratio. Otherwise, the 
axial stress becomes infinite before attaining the draw ratio. In 
Figure 5, the maximum allowable value of De to achieve Dr = 

20 is plotted against t o f .  Dr = 20 was chosen as it represents the 
critical draw ratio of Newtonian fluids. 

The insensitivity of the velocity profile to the value of fof  
implies that it is also insensitive tof. Thus, in this limit, visco- 
elasticity effect of the skin layer is dominant and dictates the 
mechanics of the flow even though its flow rate fractionfmay be 
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Figure 4. Dimensionless axial velocity in the limit of G /  
De = 0. 
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very small. In Figures 6 and 7, velocity and radius profiles for 
several different conditions are given. In these figures, t o f  val- 
ues of 1 and 10 were chosen as they may represent the typical 
characteristics of the flow. For each value of t , f ,  the maximum 
allowable De for Dr = 20 can be obtained from Figure 5. It can 
be noted from the figures that a big difference in the flow rate 
ratio (0.1 vs. 1.0) does not strongly affect the velocity profile 
when the applied tension is large. They also imply that for a 
given skin-layer material (i.e., given D e )  with a fixed to,  maxi- 
mum attainable Dr increases asfdecreases. Thus, the maximum 
attainable draw ratio of a viscoelastic material can be increased 
i f  it is coextruded with a less elastic material. 

I n  deriving Eq. 25, it has been assumed that M ( l  -f)/ 
/= o [ ( G / D e ) - ' 1 .  When considering the restriction imposed on 
M [ G M  = o(c-*) ] ,  relatively mild restrictions apply to both M 
andf. Thus, a very small value offcan be allowed even when M 
is fairly large. This prediction may have a significant implica- 
tion for industrial applications. I f  the flow characteristics of a 
Newtonian-like polymer (e.g., linear polyethylene) are not de- 
sirable, it can be significantly modified by coextruding with a 
small amount of a Maxwell-fluid-like polymer (e.g., branched 
polyethylene). Since the shear viscosity of the skin layer is 
allowed to be much smaller than that of the core, it also favors 
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Figure 5. Maximum allowable De as a function of ft, 
(Dr = 20). 
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Figure 6. Dimensionless axial velocity profile (Dr = 20). 

the interfacial stability under a shear flow inside the die. This 
result is, of course, contingent upon the assumption that the two 
fluids remain bonded together even when the viscosity differ- 
ence is large. 

We now discuss the contention of Schultz (1987) that there is 
a serious limitation to the one-dimensional analysis of Denn et 
al. (1975) for the case of a large applied axial tension (C/ 
De << I ) .  His conclusion is based on an order of magnitude anal- 
ysis in which the results of the leading order approximation 
[O(t")] were substituted into the z-direction momentum balance 
(which is equivalent to the Eq. 2c). The results of the one- 
dimensional analysis are equivalent to the Eqs. 24, 27 and 16b 
with both f and c equal to one. When t o  = 1, those equations 
along with the boundary condition (Eq. 20b) yield 

wo = T:: = 1 + (Dr  - 1 ) z  (29a) 

p a  = T;; = 7; - WO(=O) (29b) 

Since the viscous-force scaling ( J W r g / l )  was used for the 
stress tensor in  the work by Schultz (1987), Eq. 29a becomes as 
follows in his scaling: 

(30) 
1 
G 

Ts$ = - 11 + (Dr  - I)z} 
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He, then, calculates the O(c) terms in Eq. 2c which become 

c ( p p - -  aaZ e) = - ; (Dr - 1) 

This term should be small for the asymptotic analysis to be val- 
id. He contends, however, that it is not small for any finite t if 
applied axial tension is infinitely large (i.e., G = 0). Thus, he 
concludes that the one-dimensional theory fails in the limit of a 
large applied axial tension. It seems, however, that it is an erro- 
neous conclusion caused by an improper scaling of the stress ten- 
sor. In Schultz’s scalings for pressure, extra stress tensor, and 
the velocity, Eq. 29b becomes 

I f  this expression for pressure (although its numerical value is 
zero) is substituted into Eq. 2c, the O(e) terms become 

-tWp = -t(Dr - 1 )  (32b) 

which is now negligibly small even in his scalings. I f  we use FL/ 
r p R ;  as the scaling for velocity which is physically inadequate, 
G, of course, will appear in the denominator of Eq. 32b and the 
same misleading conclusion may be drawn. The problem ana- 
lyzed by Schultz ( I  987) is for the case of an asymptotically 
small Deborah number in which viscous force is dominant. 
Thus, the viscous-force scaling is also adequate and should not 
pose any problem. For the case of a large applied axial tension, 
however, a physically adequate scaling for the stress tensor is the 
applied axial tension as was used in our analysis and by Denn et 
al. (1975). When the correct scaling is used, 1/G does not 
appear in Eq. 3 I ,  and the analysis is consistent without any con- 
tradiction. Therefore, Schultz’s contention that the one-dimen- 
sional analysis has serious limitations is apparently incorrect. 

Conclusions 
Under the assumption that the variation of the fiber radius in 

the axial direction is very slow, a set of partial differential equa- 
tions for the mechanics of a two-phase flow has been derived 
which treats the radial dependency of the stress fields of the vis- 
coelastic skin layer. The analysis is also applicable to the single- 
phase flows of a Newtonian and an upper-convected Maxwell 
fluid, as they are two special cases withfequal to zero and one, 
respective I y . 

Analytic solutions, which resemble those of the single-phase 
flows, were obtained for two limiting cases. In the limit of a 
small Deborah number, the velocity correction to the Newtonian 
profile is strongly affected by the ratios of shear viscosities and 
the flow rates of the two fluids. For the case of a large applied 
axial tension, which may be more relevant to industrial practice, 
the analysis predicts that 

I .  Viscoelasticity effect of the skin layer is dominant and dic- 
tates the mechanics of the flow even when both of its flow rate 
and shear viscosity may much smaller than those of the Newton- 
ian core layer. 

2. Maximum attainable draw ratio of a viscoelastic material 
can be increased if it is coextruded with a less elastic material. 
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3. Hoop stress has no effect on the axial velocity profile if ini- 
tial stress is radially uniform. 

Although our current study does not include stability analy- 
sis, we may speculate that the stability of the two-phase flow will 
be controlled by the viscoelastic skin layer in the limit of a large 
applied tension. Present analysis is restricted to an axisymmetric 
flow; nevertheless, the same conclusions for the mechanics of the 
two-phase flow should be applicable to other two-dimensional 
flows such as slot cast or extrusion coating flows. 
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N o t a t i o n  
De = Deborah number defined as  h W y g / L  
Dr = draw ratio 
f = fraction of the skin-layer Row rate, Q,/Qr 
F = axial tension applied at z = L 
G = dimensionless inverse axial tension 

L = axial dimension of the draw-down region (draw span) 
M = viscosity ratio of the two fluids 
p = isotropic pressure 

Q, = Row rate of the skin layer 
Qr = total Row rate 

Ro - radius of  the fiber a t  z = 0 
R ( z )  = location of the surface 

r o  = initial value of T,, 

u = radial velocity component 
w = axial velocity component 

W g g  = average axial velocity a t  z = 0 

h ( z )  = location of the interface 

r = radial direction 

W, = axial velocity a t  z = L 
z = axial direction 

Greek letters 
a - natural logarithm of Dr 
t = scaling parameter defined as R,/L 
0 = azimuthal angle 
I( = dimensionless parameter defined asf/{f + ( I  - f ) M )  
h = characteristic time of the skin layer (Maxwell fluid) 

T~~ = extra stress tensor 
ro = extra stress tensor a t  z = 0 

p‘, p’ = shear viscosities of core and skin layers 
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